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距离测度学习1
2

1 前言

1.1 什么叫距离测度学习

distance metric learning ( )
(L2 ) (L1 )

L1 L2

Lk

Mahalanobis
M Mahalanobis

dM(xi,xj) = ||xi − xj ||2M = (xi − xj)
TM(xi − xj),M ≥ 0

Mahalanobis (local distance learning) Kernel

(dimension reduction)

1.2 距离测度学习的用途

K K-means

2 有监督的距离测度学习

(class labels)

(pairwise constraints) S = {(xi,xj)|xi xj }
1R : https://github.com/road2stat/sdml
2 : .
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2.1

D = {(xi,xj)|xi xj }
(

)
(objective)

(constraints) (optimization)
(idea)

2.1 全局的有监督距离测度学习

( )

minA
∑

(xi,xj)∈S

||xi − xj ||2A

s.t.
∑

(xi,xj)∈D

||xi − xj ||2A ≥ 1,A ≥ 0.

maxA
∑

(xi,xj)∈D

||xi − xj ||2A

s.t.
∑

(xi,xj)∈S

||xi − xj ||2A ≤ 1,A ≥ 0.

(semi-difinite programming)
A

P (yij |xi,xj) = 1/(1 + exp(−yij(||xi − xj ||2A)− u))

yij =

{
1 (xi,xj) ∈ S

−1 (xi,xj) ∈ D

min L(A, u) = logP (S) + logP (D)

s.t. A ≥ 0, u ≥ 0

A
M = 1

n

∑n
i=1 xixT

i K(K< m)
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2

vi, A

A =

K∑
i=1

rivivT
i , ri ≥ 0, i = 1, . . . ,K

A
newton

min L(ri
Ki=1 , u)

s.t. u ≥ 0, ri ≥ 0, i = 1, . . . , k

A u KNN
M (class label)

( )

2.2 局部有监督距离测度学习

KNN
KNN

KNN ( )
KNN k

K

KNN

(spatial resolution)
SVM

NCA(Neighborhood Component Analysis)
RCA(Relevant Component Analysis) LMNN(Large Margin Neareast
Neighborhood Classification)

2.2.1 NCA

L = (x1, c1), . . . , (xn, cn) NCA KNN
pij xi (soft neighborhood)
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2.2

M M = ATA

pij =
exp(−||Axi − Axj ||2)∑
k ̸=i exp(−||Axi − Axk||2)

xi Ci = j|ci = cj xi

pi =
∑

j∈Ci
pij f(A) =

∑n
i=1 pi

f(A) A

∂f

∂A = 2A
∑
i

(pi
∑
k

pikxikxT
ik −

∑
j∈Ci

pijxijxT
ij)

A A
d×m d ≤ m NCA (yn = Axn yn

KNN ) A

NCA MCML
KL (Kullback–Leibler

divergence KLD)

KL(P ||Q) =

∫ ∞

−∞
p(x)ln

p(x)

q(x)
dx

NCA ( KL
KL(P ||Q) ̸= KL(Q||P )) p0ij :

p0ij ∝

{
1 xi xj

0

minA KL(p0||p)

s.t. A ≥ 0

(NCA )

2.2.2 RCA

RCA

1. (chunklet) k

2. RCA ( )Ĉ = 1
n

∑k
j

∑nj

i=1(xji−mj)(xji−mj)
T

mj j nj j n

3. Ĉ−1 Mahalanobis xnew = Ĉ−1/2x
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2

RCA
(Information Maximization)

Y,I(X,Y) ( ) k
Y = f(X)

maxf∈F I(X,Y)

s.t.
1

p

k∑
j

nj∑
i=1

||yji − my
j ||2 ≤ k

py = px

|J(x)|

H(Y) = H(X)+ < log|J(x)| >

Y = AX A, Maha-
lanobis B = ATA

maxB|B|

s.t.
1

p

k∑
j

nj∑
i=1

||xji − mx
j ||2B ≤ k

k
n
C−1 k

n

Mahalanobis B = C−1

Ĉ ϵI Ĉ X
X = [x11,x12, . . . ,x1n1

,x21, . . . ,x2n2
, . . . ,xjnj

] 1j n j

1 0. Ij n× n diag(ij)

Ĉ =
1

n

k∑
j

nj∑
i=1

(xji −
1

nj

(XIj))(xji −
1

nj

(XIj))T =
1

n
XHX

H =
∑k

j=1(Ij − 1
nj

1j1T
j ) Ĉ C = ϵI + Ĉ

C ( C Kernel )
RCA

2.2.3 LMNN

LMNN SVM SVM
(hyper plane classifier)

( ) (margin) KNN
LMNN

(margin)
LMNN

1. Euclid KNN xi yi

k (target neighbors)

2. L Mahalanobis d(xi,xj) = (xi −
xj)

TM(xi − xj) M = LTL
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2.2

3. Mahalanobis
Mahalanobis

minM
∑

(xi,xj)∈S

dM(xi,xj)

s.t.dM(xi,xk)− dM(xi − xj) ≥ 1, ∀(xi,xj ,xk) ∈ R,A ≥ 0

SVM (outliers) (slack
variables)ξijk

minM,ξ

∑
(xi,xj)∈S

dM(xi,xj) + c
∑

(xi,xj ,xk)∈R

ξijk

s.t.dM(xi,xk)− dM(xi − xj) ≥ 1− ξijk, ∀(xi,xj ,xk) ∈ R,M ≥ 0, ξijk ≥ 0

SVM
2GHZ

32 4
1 ξijk

LMNN M
Mi k

LMNN Mi

KNN

2.2.4 LFDA

FDA 1936 Fisher
p n 3

3 Tibshirani 2011 FFFDA p n
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2

FDA

FDA
(1) DANN

1995 Hastie Tibshirani
(Discriminant Adaptive Neareast Neighbor Classification DANN)

LMNN
K Km ( )

wij B W∑
: ∑

= W−1/2[W−1/2BW−1/2 + ϵI]W−1/2

∑
(x − x0)

T
∑

(x − x0) KNN
( FDA )

n n

(2) 另一种基于 FDA 的方法
LFDA

LPP (Locality-Preserving Projection) (a)
(b) FDA LFDA

LPP
( ) (c)

FDA LPP LFDA FDA

LPP LFDA
FDA LPP

( Kernel )
LFDA

LFDA FDA
FDA S(w) S(b)

S(w) =

l∑
i=1

∑
j:yj=i

(xj − ui)(xj − ui)
T ,ui =

1

ni

∑
j:yj=i

xj
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2.2

S(b) =
l∑

i=1

ni(ui − u)(ui − u)T ,u =
1

n

n∑
i=1

xi

S(w) =
1

2

n∑
i,j=1

A(w)
ij (xi − xj)(xi − xj)

T

S(b) =
1

2

n∑
i,j=1

A(b)
ij (xi − xj)(xi − xj)

T

A(w)
ij =

{
1
nc

yi = yj = c;

0 yi ̸= yj

A(b)
ij =

{
1
n
− 1

nc
yi = yj = c;

1
n

yi ̸= yj

LPP
( LPP )

(affinity matrix)A( [0, 1])
A 0,1 xi xj Aij = 1

Aij = 0 Aij = exp(−d(xi,xj)

σ2 )(i ̸= j) Aii = 0

A(w)
ij A(b)

ij S(w) S(b)

Â(w)
ij =

{
Aij

nc
yi = yj = c;

0 yi ̸= yj

Â(b)
ij =

{
Aij(

1
n
− 1

nc
) yi = yj = c;

1
n

yi ̸= yj

A(w)
ij A(b)

ij

A
(c) LFDA

FDA L
M = LTL

FDA DCA Discriminative Component Analysis
FDA

FDA

2.2.5 ITML

ITML (Information-Theoretic Metric Learning)
NCA

A0( ) A
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2

KL A u A
l

minAKL(p(x;A0||p(x;A))

s.t.
dA(xi,xj) ≤ u (xi,xj) ∈ S

dA(xi,xj) ≥ u (xi,xj) ∈ D

Bregman diver-
gence Dld(A,A0) = tr(AA−1

0 )− logDet(AA−1
0 )−d,A,A0 d×d

KL(p(x;A0||p(x;A))) =
1

2
Dld(A−1

0 ,A−1) =
1

2
Dld(A,A0)

ξc(i,j), ξ0 (i, j) ∈ S

ξc(i,j) = u (i, j) ∈ D ξc(i,j) = l

minA≥0,ξ Dld(A,A0) + cDld(diag(ξ), diag(ξ0))

s.t.
tr(A(xi − xj)(xi − xj)

T ) ≤ ξc(i,j) (i, j) ∈ S

tr(A(xi − xj)(xi − xj)
T ) ≥ ξc(i,j) (i, j) ∈ D

Bregman (Bregman divergence)4

At+1 = At + βAt(xi − xj)(xi − xj)
TAt

Low-Rank Kernel (K = GTG, rank(G) ≤ rank(K))
Kernel Kernel

Online Metric Learning
OML At d̂t

dt lt(A) = (dt − d̂t)
2

A

minA≥0 f(A) =
︷ ︸︸ ︷
D(A,At)+

︷ ︸︸ ︷
δtlt(A)

At+1 = argminADld(A,At) + δt(dt − d̂t)
2

ITML OML ITML

4Bregman ϕ(x) L(x) D(x, y) = ϕ(x) − L(x), L(x) =

ϕ(y)+ < ∇ϕ(y), (x − y) >
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3 无监督的距离测度学习

K

5

PCA ui

A =
∑

i uiuT
i x y d = (x − y)TA(x − y) PCA

ISOMAP
6

3.1 PCA

PCA U yi = UTxi

X m
kernel kernel

3.2 MDS

MDS
PCA

3.3 ISOMAP

ISOMAP MDS Isomap

MDS

5

6 http://blog.pluskid.org/?p=290
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3.4 LLE

LLE(Locally Linear Embedding)
i K

3.5 Laplacian Eigenmaps

LE LLE LE

Laplace
Laplace

LLE

4 半监督的距离测度学习

TODO
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